Mathematica 11.3 Integration Test Results

Test results for the 85 problemsin "6.2.7 hyper*m (a+b
cosh™n)*p.m"

Problem 6: Result unnecessarily involves imaginary or complex numbers.

Sinh[x]7

J A ax
a+bCosh[x]?

Optimal (type 3, 78 leaves, 4 steps):

(a+b)’ArcTan[+® f;h x| (a?+3ab+3b2) Cosh[x] (a+3b) Cosh[x]> Cosh[x]®
.

— + —

\Va b7/2 b3 3 b2 5b

Result (type 3, 148leaves):

(a+ b)3ArCTa”[deTanhm | (a+ b>3ArcTan[W*imTa“hH ]
V2 5

- - +
7/2 7/2
JVab Va b

(8a?+22ab+19b2) Cosh[x] (4a+9b)Cosh[3x] Cosh[5x]
- +

8 b3 48 b? 80b

Problem 7: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
J Sinh[x]°
———— dX

a+bCosh[x]?

Optimal (type 3, 54 leaves, 4 steps):

(a+b)2Ar‘cTan[M§M] (a+2b) Cosh[x] cosh[x]3
_ +

Va b5/2 b2 3b

Result (type 3, 120leaves):
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\/F—jmTanh[z—] }

12 (a+b)2Ar'cTan[ =
a

1

12 b%/2 Va

+

x/FHimTanh{:—}
“a

12 (a+ b>2 ArcTan|

Va

-3+/b (4a+7b) Cosh[x] +b*?Cosh[3x]

Problem 8: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

; 3
J Sinh[x] dx

a+bCosh[x]?

Optimal (type 3, 36 leaves, 3 steps):
(a+b) Ar‘cTan[M’ Coshx ]
Va

N Cosh[x]
\a b3/2 b

Result (type 3, 83 leaves):

\/F—J'L\/an—bTanh{ﬂ
Va

\/F+]'L\/a+—bTanh{;—} ]
Va Cosh[x]

\/? p3/2 b

(a+ b) ArcTan [ ] + Ar‘cTan[

Problem 10: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
J Csch[x]
—dx

a+bCosh[x]?

Optimal (type 3, 42 leaves, 4 steps):

2/b Cosh(x]
\/FAr'cTan[ Va } ArcTanh[Cosh[x]]

Va (a+b) a+b
Result (type 3, 106 leaves):
1
a+b
Vb ArcTan]| Vb i /arb Tanh[]] | /b ArcTan| Vb +iarb Tanh|X| ] ) )
- ! = +Log[Cosh[ =] ] - Log[Sinh[~]]
Va Ja 5 N

Problem 11: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

3
J Csch[x] dx

a+bCosh[x]?

Optimal (type 3, 61leaves, 5steps):
b3/2 Ar‘cTan[Lf—Lb Coshix] ]

NS (a+3b) ArcTanh[Cosh[x]] Coth[x] Csch[x]
\/?(a+b)2 2(a+b)2 2 (a+b)
Result (type 3, 154 leaves):
Vb —ia+b Tanh[*] Vb +iJa+b Tanh[*]
—————|8b*2ArcTan| 2 | +8b%2ArcTan| 2 ] -
8va (a+b)? JVa Va

Va (a+b) Csch[§]2+4\/?(a+3b> (Log[Cosh[gH—Log[Sinh[gH)—\/?(aer) Sech[g}z

Problem 12: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

5
J Csch[x] dx

a+bCosh[x]?

Optimal (type 3, 94 leaves, 6 steps):
b5/2 ArcTan { M]

Ney (3a%?+10ab+15b?) ArcTanh[Cosh[x] ]
_ \/?(a+b)3 _ 8 (a+b)’ :
(3a+7b) Coth[x] Csch[x] Coth[x] Csch[x]3
8 (a+b)? i 4 (a+b)

Result (type 3, 229 leaves):

1

64\/a (a+b)’

2+/a (3a*+10ab+7b?) Csch[i}z—\g <a+b>2Csch[i]4f
2 2

Vb —i+a+b Tanh[*] Vb +ia+b Tanh[*]
8 [8 b2 ArcTan| 2 | +8b°%2ArcTan]| 2 |+
Va Va

Va (3a+10ab+15b?) [Log[COSh[gH —Log[Si”“[f”)J :

2+/a (3a2+10ab+7b?) sech[ ]’ ++/a (a+b)25ech[x]4]
2 2
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Problem 56: Result is not expressed in closed-form.

J _ 4
a+bCosh[x]3
Optimal (type 3, 288 leaves, 8steps):

</ a'/3-b?/3 Tanh|X al/34 (-1)/3p1/3 Tanh[f]
2Ar‘cTanh[ ] 2Ar‘cTanh[ 2 }
[ al/3 . p1/3 al/3_ (-1) 1/3 p1/3

+ +

3a2/3+/al/3 _pl/3 +/al/3 4 pl/3 3523 \/a1/3— (71>1/3 p1/3 \/a1/3+ (71)1/3 pl/3

2 ArcTanh| 2= (1) 6 Tanh[ ]

al/3, (-1) 2/3 p1/3

342/3 \/31/3 _ (_1)2/3 pl/3 \/al/z N (_1>2/3 pl/3

Result (type 7, 105leaves):

2

~ RootSum|[b +3b=1? +8an1® +3bnl* + bul® &,
3

x#l+2Log[-Cosh[%] -sinh[X] +Cosh[ %] =1 -Sinh[2] n1] n1

&
b+4anl+2bnl?+br1? }

Problem 57: Result is not expressed in closed-form.

1
J— dx
a-bCosh[x]3

Optimal (type 3, 288 leaves, 8 steps):

al/3:bY/3 Tanh| X al/3_(~1)1/3p1/3 Tanh[i]
2 ArcTanh| ] 2 ArcTanh | 2]
\/m al/3, (-1) 1/3 bl/a

+ +

3 32/3 \/a1/37b1/3 \/a1/3+b1/3 3 32/3 \/a1/3— (_1>1/3 bl/3 \/a1/3+ (_1)1/3 pl/3

/al/3+ (-1)%/3bY/3 Tanh { 1}

al/3_ (-1)2/3 pl/3 ]

3 52/3 \/a1/37 (71)2/3 pl/3 \/31/3 N (—1)2/3 pl/3

2Ar‘cTanh[

Result (type 7, 105leaves):
2

-~ RootSum[b+3b#H1? -8an1®+3bul®+bul® &,
3

XH1+2 Log[—Cosh[ﬂ —Sinh[f] +Cosh[§] nl—Sinh[f] #1] =1

&
b-4aul+2ba12+bH14 }
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Problem 60: Result unnecessarily involves imaginary or complex numbers.

1
j— dx
a+bCosh[x]*

Optimal (type 3, 361 leaves, 10 steps):
Va -+/a+b Ar‘cTanh[ Va +yath -2 al/“Tanh{xw

Ja ah
2+/2 a¥4+/a+b
Va -+a+b ArcTanh [ 3222 atb_+y2 al/“Ta“h[XW]
\a -\ a+b B 1
2+/2 a¥4+/a+b 4-/2 a¥4/a+b

\JVa ++va+b Log[a+b -+/2 a¥4+/+/a +V/a+b Tanh[x] ++/a Tanh[x]?] +

! \JVa +Va+b Log[/a+b ++/2 a¥*~/+/a +Va+b Tanh[x] ++/a Tanh[x]?]
4~/2 a¥4+Ja+b

Result (type 3, 121 leaves):

Ar‘cTan[JLU—a Tanhixl ] Ar‘cTanh[—\Lf—]—a Tanh[xl ]
\ —a+iﬁ\m A\ a+iﬁ\m

2v/a \-a+iva Vb  2vaa+iva Vb

Problem 62: Result unnecessarily involves imaginary or complex numbers.

j; dx
1+ Cosh[x]*4
Optimal (type 3, 176 leaves, 10 steps):
ArcTan [ l@ﬂ] ArcTan [ @M}

71+\/? 71+\E
_ . v _
4+/1++2 4~/1++2

1+v2 Log[v2 -2+/1++/2 Coth[x] +2Coth[x]?] +

1
8
/iy Log[1+ |2 (1+\/7) Coth[x] ++/2 Coth[x]?]
8

Result (type 3, 45leaves):

ArcTanh[ XL | ApcTanh [ T2thixd |

1-1 1+1
+

2V1-1 2V1+1
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Problem 64: Result is not expressed in closed-form.

J _ 4
a+bCosh[x]>
Optimal (type 3, 494 leaves, 12 steps):

</ al/5-b'/5 Tanh|X al/54 (-1)Y/5p1/5 Tanh[f]
2Ar‘cTanh[ ] 2Ar‘cTanh[ 2 }
[ al/5. p1/s al/s_ (-1) 1/5 p1/5

+

5a%5+/al/5 - bl/5 /al/5 4+ bl/5 g q4s5 \/a1/57 (71>1/5 p1/5 \/a1/5+ (71)1/5 pl/s

+

al/5- (-1)2/5bY/5 Tanh { q

2 ArcTanh| ]
al/s, (-1) 2/5 p1/5
4
5 54/5 \/al/s ~ (_1) 2/5 p1/5 \/al/s . (_1> 2/5 p1/s
\al/54+ (-1)3/5bY/5 Tanh { 1} a5 (-1)%/5bY/5 Tanh { 5}
2 ArcTanh [ 2 ] 2 ArcTanh [ 2 }
al/s_ (-1) 3/5 p1/s al/s, (-1) 4/5 p1/s
+

5 g4/5 \/a1/57 (71)3/5 pl/s \/al/s N <71>3/5 bl/s 5 g4/5 \/a1/5 B (71>4/5 p1/5 \/a1/5+ (71)4/5 pl/5
Result (type 7, 139 leaves):

8
— RootSum[b +5bn1%+10bnl* +32an1> +10bn1® + 5bn1® + b 11 &,

5
x #1% + 2 Log[ - Cosh| f] - Sinh[f] + Cosh[f] 1l - Sinh[ﬂ w1 w13 o]
b+4bnl?+16anl®+6bnul*+4bnlb+ bnld
Problem 65: Result is not expressed in closed-form.
1
J— dx
a+bCosh[x]®
Optimal (type 3, 171 leaves, 7 steps):
ArcTanh [ 225 Tanhxl ArcTanh [ —al/Tanhix] ArcTanh [ —alfTanhix1
al/3.pl/3 al/3_ (-1) 1/3 p1/3 . al/3, (-1) 2/3 p1/3

3 35/6+/31/3 4 p1/3 3 a5/6 \/a1/3— <71>1/3 pl/3 335/6 \/5‘1/3Jr (71>2/3 h1/3

Result (type 7, 132leaves):

16 2 3 3 4 5 6
fRootSum[b+6bH1+15bn1 +64a11°+20bH1° +15bH1" + 6 b1 + b H1° &,
3

x 112 + Log[-Cosh[x] - Sinh[x] + Cosh[x] #1 - Sinh[x] #1] 12

8]

b+5bnl+32an1?2+10b11%2+10b113 +5b 114 + byl®
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Problem 66: Result is not expressed in closed-form.

1
J— dx
a+bCosh[x]8

Optimal (type 3, 245leaves, 9steps):

\1/8 _3)1/8
ArcTanh [ (2-—Tanhi. ArcTanh [ =2 —Tanhixl
(-a) 1/47b1/'4 (-a) 1/4—1'1 bl/A

4(73)7/8 (7a)1/47b1/4 4(*3)7/8\/(*3)1/4*jb1/4

4y 1/8 4y 1/8
ArcTanh [ -2—Tanhixl ArcTanh [ L-2-—TanhxL
(-a) 1/4, i pi/4 (-a) 1/4+b1/4

4(—a)7/8J(—a>1/4+ib1/4 4(*3)7/8 (*3)1/4+b1/4

Result (type 7, 158 leaves):

16 RootSum b + 8 b#1 + 28 b #1? + 56 b#1® + 256 a#1* + 70 b #1* + 56 b1i1® + 28 b1 + 8 b 11’ + b H1® &,
(x111% + Log [~ Cosh [x] - Sinh[x] + Cosh[x] #1 - Sinh[x] #1] #1?) /
(b+7bnl+21bn1®+128an1%+35b 11 +35b11% +21bnl° + 7bni® + bnl’) &]

Problem 67: Result is not expressed in closed-form.

1
J— dx
a-bCosh[x]®

Optimal (type 3, 494 leaves, 12 steps):

| a1/5.61/5 Tanh|X \/mTanh[i]
2 ArcTanh| ] 2 ArcTanh| 2]
Jav/spi/s al/ss (-1)1/5 b1/
. +

5 a4/5 \/a1/57b1/5 \/a1/5+b1/5 5 34/5 \/a1/5— (_1>1/5 bl/5 \/a1/5+ (_1)1/5 pl/5

a5+ (-1)¥/5bY/5 Tanh { 1}

2 ArcTanh [ ]
al/s_ (-1)2/5 p1/s
N
5 g4/5 \/al/S B (71) 2/5 p1/s \/31/5 N (71>2/5 bl/5
[a1/5_ (_1)3/5 p/s Tanh{q al/54 (-1)4/5 p1/5 Tanh[q
2 ArcTanh| ] 2 ArcTanh| 2]
al/s, (-1) 3/5 pl/s al/57 <71)4/5 pl/s
+

5 g4/5 \/al/s_ (_1)3/5 pl/5 \/al/S N (_1>3/5 pl/5 5 94/5 \/al/s _ (_1)4/5 h1/5 \/a1/5Jr (_1)4/5 pl/5
Result (type 7, 139leaves):

8
-—RootSum[b+5bmz+10bm4-32am15+1(ab1:t15+5btx18+b¢:t11e &,
5

x#1° + 2 Log[-Cosh[ %] - sinh[ %] + Cosh|[ 2] #1 - Sinh[ ] #1] 1®

&
b+4abnl?-16am1®+6bnl* +4b 1% + bl ]

| 7
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Problem 68: Result is not expressed in closed-form.

1
J— dx
a-bCosh[x]®

Optimal (type 3, 175leaves, 7 steps):

1/6 1/6 1/6
ArcTanh [ 2—Tanhixl ArcTanh | —2—Tanhid ArcTanh [ —2—Tamhid
al/@—bl/é al/3+ (-1) 1/3 p1/3 al/é— (-1) 2/3 pl/3

+

33%/6+/al/3 _pl/3 3 a5/6 \/a1/3+ <71>1/3 pl/3 3 35/6 \/a1/37 (71>2/3 bl/3

Result (type 7, 132leaves):
16
- RootSum[b+6btt1+15b1112—64att13 +20b113+15b 1% + 6 bH1° + b 1% &,

3
x 712 + Log[-Cosh[x] - Sinh[x] + Cosh[x] #1 - Sinh[x] #1] #1? 8]

b+5bfl-32an1?2+10b11%2+10b 113 +5b 114 + bHl®

Problem 69: Result is not expressed in closed-form.

1
J— dx
a-bCosh[x]8

Optimal (type 3, 213 leaves, 9steps):

Ar‘cTanh[—‘—Lal’BTa”hX ] Ar‘cTanh[4u—al’gTa”hx ] Ar‘cTanh[4U—al/gTa”hx ] Ar‘cTanh[—U-al’/gTa”hx

/. / . Z / / /
+/ al/4_pl/4 A al/4_i pi/4 A al/4.i pl/4 | al/4,pl/4
+ +

+

4a7/8“/a1/4—b1/4 437/8“/31/4—]']_ b1/4 437/8“/31/4+i b1/4 437/8“/31/4+b1/4

Result (type 7, 158 leaves):

~16 RootSum[b + 8b =1 + 28 b 1112 + 56 b #1° - 256 a111* + 70 b =#1* + 56 b 1#1° + 28 b #1® + 8 b #1 + b 118 &,
(x 1113 + Log [~ Cosh [x] - Sinh[x] + Cosh[x] #1 - Sinh[x] #1] #1?) /
(b+7bnl+21bn1%-128an1%+35b 11 +35b11% +21b#1° + 7bn1® + bnl’) &]

Problem 70: Result is not expressed in closed-form.

1
Ji dx
1+ Cosh[x]®

Optimal (type 3, 223 leaves, 11 steps):
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2 ArcTanh[ | 13— £ Tanh[%]] 2ArcTanh| | :=CR2 Tanh[%]]
1+(-1)%° 2 1+ (-1)%° 2 Sinh[x]
N

.
5 1_(_1)4/5 5 1+(_1)3/5 5 (1+Cosh[x])

Result (type 7, 445leaves):

1
- ——RootSum[1-2#1+811%-1411° + 3051 - 14151° + 8 11° - 2117 + 18 &,

10
1
-1+8n11-2111%+6011% - 3511% + 24 11° - 7 11° + 4117
X X X X
(x+2Log[—Cosh[;] ~sinh[ ] «Cosh[~ ] i -sinh[ ~ ] 1] ~axiin -
8 Log[—Cosh[i] —Sinh[i] +Cosh[5] Hl—Sinh[i] #1] 51+ 15 x 51% +
2 2 2 2
30 Log |- Cosh[ =] - Sinh[ ] + Cosh[~] =1 - Sinh[ ] r1] 112 - 40 x 1% -
2 2 2 2
80 Log[-Cosh| =] - Sinh[ > ] +Cosh[ > ] =1 - Sinh[~] #1] 1% + 15 x 11% +
2 2 2 2
30 Log[{osh[f} —Sinh[i} +Cosh[5} Hl—Sinh[i} m1] =1 - 4x 11 -
2 2 2 2
8 Log[-Cosh[ =] - sinh[>] +Cosh[ ] 1 - sinh| > ] m1] =15 + x =16 +
2 2
2Log[—Cosh[§] —Sinh[z] +Cosh[§] ulfsinh[g] n1) 1::16) &] + iTanh[g]

Problem 72: Result is not expressed in closed-form.

1
Jidlx
1+ Cosh[x]8

Optimal (type 3, 129 leaves, 9 steps):
ArcTanh|[ —2XL— ] ApcTanh|[ 2] ApcTanh|[ "] ArcTanh [ —2mhxl—
1-(-1)Y/4 1+ (-1)Y/4 1-(-1)3%4 1+ (-1)3/4

+ = + +
45/1-(-1)* 4 /1+ (-1)Y* 4,1~ (-1)*"* 441+ (-1)%"
Result (type 7, 127 leaves):
16 RootSum |1 + 8 =1 + 28 #1% + 56 11> + 326 1% + 56 #1° + 28 1#1°® + 8 1117 + 1118 &,
x 713 + Log[-Cosh[x] - Sinh[x] + Cosh[x] #1 - Sinh[x] #1] 13 8
1+781+2151%+163 113 + 35 81% + 21 11° + 7 516 + 117
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Problem 73: Result is not expressed in closed-form.

1
ji dx
1-Cosh[x]?

Optimal (type 3, 205leaves, 11 steps):

2ArcTan]| |- 4—)—1*(’1)2/2 Tanh[ﬂ ]

X

Ta
2 ArcTan|

- + +
54/ -1+ (-1)%"® 54-1-(-1)°"
2 ArcTanh| [ Lcn® Tanh[%]] 2ArcTanh| [ 3222 Tanh[%]]
14 (-1)Y/5 2 1+ (-1)%/° 2 Sinh[x]
N _
5./1- (_1>2/5 5. /14 (_1)1/5 5 (1—Cosh[x})

Result (type 7, 445 leaves):

1 X 1 2 3 4 5 6 7 8
= Coth[ =] + — RootSum|[1+ 251 + 8512 + 14113 + 30 11% + 14 11° + 8516 + 2117 + #1® &,
5 2" 1o

1

1+881+2181%2+60H13+35081% + 24 11° + 711% + 4117
X X X X
(x+zLog[_cosh[—] ~sinh[~] +Cosh[~] s - sinh[~] 1] +4x:i1 +
2

| X

8 Log[-Cosh[ ] - sinh|~] +Cosh[ ] #1-sinh|>] =1] =1+ 15 x =12 +

2 2 2 2
30 Log[-Cosh[g} —Sinh[i} +Cosh[§} n1_51nh[§} 1] 512 + 40 x 111° +
80 Log[_cosh[z} _Sinh[g} +cosh[§} m_sinh[z} #1] 1% 15 x 11t 4
30 Log[{osh[z} —Sinh[g} +Cosh[§} nLSinh[E} H1] 514+ Axu1® 4+
8 Log[—Cosh[g] —Sinh[z] +Cosh[§] Hl—Sinh[g] 1] 515+ x 818 4
2Log[—Cosh[§] —Sinh[g] +Cosh[§] Hl—Sinh[g] =1 mﬁ) &

Problem 81: Result is not expressed in closed-form.
Tanh 3
J anh [x] dx
a+bCosh[x]3
Optimal (type 3, 153 leaves, 11 steps):
al/3-2 b/2 Cosh|[x
b2/3 ArcTan[ NelT ] . Log [Cosh[x] ] . p2/3 Log[a1/3 + b3 Cosh[x] ] i
\/?asu a 3 35/3
b2/3 Log[a2/3—a1/3 bl/3 Cosh[x] +b2/3Cosh[x]2] Log[a+bCosh[x]3] Sech[x]?2
N

6a°/3 3a 2a
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Result (type 7, 145leaves):

1
— (-6x+6Log[Cosh[x]] - 2RootSum|b+3bu1>+8anl’®+3bul®+bnui® g,
6a

(-bx+bloge*-n1] -4axn1®+4alog[e’-nl] #1®-3bxnl*+3blog[e* - 1] n1*) /
(b+2bn1?+4an1®+bul*) &) + 3 Sech[x]?)

Problem 82: Result more than twice size of optimal antiderivative.
Tanh[x]

dx
v/a+bCosh[x]3

Optimal (type 3, 28 leaves, 4 steps):
2Ar‘cTanh[:a+bc°Sh[x]3 ]

Va

3va
Result (type 3, 66 leaves):

. 3/2 3
2+/b ArcSinh[ 2 Sﬁm ] b+a5e;mxw
b

3+/a +/a+bCosh[x]3 Sech[x]3/?
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Summary of Integration Test Results

85 integration problems

A - 64 optimal antiderivatives

B - 1 more than twice size of optimal antiderivatives
C - 8 unnecessarily complex antiderivatives

D - 12 unable tointegrate problems

E - Ointegration timeouts



